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Acoustic-Wave/Blade-Row Interactions Establish Boundary
Conditions for Unsteady Inlet Flows

Miklos Sajben¤ and Hazem Said†

University of Cincinnati, Cincinnati, Ohio 45221

Reliable computation of unsteady � ows in high-speed airbreathing inlets requires that the out� ow boundary
condition applied at the compressor face provide a reasonable simulation of the compressor behavior. Traditional
boundaryconditions, for example, constant pressure or constant velocity, disagree with experimental observations.
A one-dimensional, linearized theory is offerred to predict transients induced by downstream-moving acoustic
waves arriving at a single row of stationary or moving blades. The results include acoustic re� ection and trans-
mission coef� cients and also a coef� cient describing the strength of the induced vorticity wave. The knowledge of
the acoustic re� ection coef� cient allows formulation of the out� ow boundary condition at the compressor face for
a time-accurate analysis of the inlet � ow. The analysis considers the effects of in� ow Mach number, � ow angles
upstream/downstream of the blade row, and the blade height change across the blade row. The coef� cients are given
as simple algebraic expressions applicable to both stationary and rotating rows. The re� ective behavior of a � xed
geometry blade row is illustrated throughout its performance map. The re� ection coef� cients vary between wide
limits, suggesting that the use of correct out� ow conditions is essential to the realistic, time-accurate prediction of
unsteady inlet � ows.

Nomenclature
A§ = wave coef� cients for acoustic waves resulting

from transient
a = speed of sound
b = passage height (radial dimension)
Cx = axial chord
c = absolute value of gas velocity in stationary

coordinates
G = generating wave (initiating the transient)
M = Mach number
N = compressor rotational speed, rpm
p = absolute static pressure
rm = mean radius of blade annulus
S = blade passage area normal to velocity vector
s = tangential spacing of blades
T = absolute static temperature
U = absolute value of the blade velocity
QU = blade speed normalized by Oatu

V = wave coef� cient for vorticity wave produced
in transient

W = mass � ow per blade passage, or mass � ow for
engine in Sec. V.B.

w = absolute value of gas velocity in blade
coordinates

x; y; z = axial, tangential, and radial coordinates
® = � ow angle with respect to axial direction, in

stationary coordinates
¯ = � ow angle with respect to axial direction, in

blade coordinates
¯0 = blade angle at leading or trailing edge, with

respect to axial direction
° = ratio of speci� c heats, 1.4 for air
1 = difference of properties across a wave
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1¯ = � ow de� ection angle across blade row, positive
for compressors,¯u ¯d

±d = deviation angle, ¯d ¯0d

±u = incidence angle, ¯u ¯0u

³ = total pressure loss coef� cient
´ = adiabatic ef� ciency of blade row
¸ = ratio of densities downstream and upstream of

blade row
¹ = ratio of static pressures downstream and upstream

of blade row
½ = density
¾ = ratio of passage heights downstream and

upstream of blade row
¿ = duration of incident acoustic wave
Â = ratio of temperatures downstream and upstream

of blade row
! = vorticity

Subscripts

corr = corrected quantities (in compressor
performance maps)

f = � nal value, after transient is completed
is = isentropic process
ref = reference (standard sea level) conditions

(pressure, temperature)
t = total (stagnation) value
u; d = undisturbed � ow property upstream and

downstream of blade row, respectively
x; y; z = x; y; z component of vector
1; 2; : : : ; 6 = regions in x – t diagram

Superscripts

0 = disturbance quantity
O = quantity in stationary coordinates
? = sonic value

I. Introduction

U NSTEADY inlet � ow computationsrepresenta signi� cantpart
of designing supersonic airbreathing propulsion systems and

their controls. The design must evaluate the inlet response to all
controllable parameters that affect its operation, and it must also
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ensure that the system is stable in response to accidentally oc-
curring unsteady processes (such as � ying through atmospheric
disturbances).

During any transient operation, the inlet and the compressor dy-
namically interact with each other, and the conditions at the inter-
face are determined jointly by the two components. A downstream
propagatingpressure (acoustic) disturbance interactingwith a com-
pressor stage typically induces pressure disturbances propagating
both upstream and downstream, and it also creates convective dis-
turbances. The full simulation of this response requires that the
computation of transient events simultaneously include both the
inlet and the compressor.Unfortunately,unsteady computations in-
cluding both components are extremely complex, costly, and so far
have been performed only as research projects. In engineering de-
velopment projects, the cost and time constraints usually dictate
that these computations be performed on isolated inlets. In this ap-
proach the inlet computations require a compressor face boundary
condition (CFBC), the role of which is to provide the best possible
approximation to the compressor behavior.

Until quite recently,no experimental evidencehas been available
that could have guided the formulation of such boundary condi-
tions. For want of any guidance, numerical computations resorted
to extending the well-established steady-state boundary conditions
to unsteadysituations.Conditionsof constantpressure, constantve-
locity, constant Mach number, zero streamwise gradient, a virtual
choked nozzle, etc., have been applied, despite the complete lack of
experimental or even theoretical justi� cation for any of them.

The crudeness of these traditional out� ow boundary conditions
is in strong contrast with the high sophistication of the codes they
are combined with. Unfortunately, the validity of the results is de-
termined by the weakest link, and the outcome of even the most
advanced,unsteadyviscouscode is subject to the large uncertainties
introduced by the out� ow boundary condition. A series of studies
dealtwith this issue,1 7 all ofwhich indicatethat theeffectof theout-
� ow conditionon the results is major, and the resultinguncertainties
represent a signi� cant risk to the design of supersonic aircraft. The
presently common ad hoc out� ow boundary conditions are clearly
in need of revision.

The present study is linearized, that is, the � ow is thought of
as a known steady � ow onto which small-amplitude unsteady dis-
turbances are superimposed. On a fundamental level, disturbances
can be classi� ed into three types: acoustic, vorticity, and entropy.
If the � ow is uniform and parallel (which is a reasonable � rst ap-
proximation for the � ow near a compressor face), then these distur-
bances are independent of each other, and their effects are linearly
superimposed.8 Acoustic disturbances are capable of propagating
both upstream and downstreamat the speed of sound relative to the
gas. Vorticity and entropy disturbances are convected downstream
at the � ow speed. When any one of these disturbances reaches the
compressor face, a transient is initiated that gives rise to two new
acoustic waves (one in each direction) and also a vorticity and an
entropy wave. [It is a question of semantics whether the convected
disturbances (vorticity and entropy) can be considered waves. The
usageof the term is widespreadand will be adoptedhere for simplic-
ity.] These four waves will be referred to as productwaves. Of these,
only the upstream acoustic wave is capable of propagating into and
affecting the inlet. The problem of characterizing the compressor
face as a boundary condition thus amounts to properly representing
the upstream-moving acoustic wave generated when a disturbance
of some type reachestheengine.All disturbancetypes are capableof
producing upstream-moving acoustic waves. The mechanisms are
different for each case, and the complete solution of the problem
will ultimately require the predictionof all three types of transients.

Estimates show that in the context of the inlet/compressor inter-
face, re� ectionsof acousticdisturbancesdominate those inducedby
entropy and vorticity disturbances. Accordingly, we discuss only
transients initiated by the arrival of acoustic disturbances from
upstream.

The two acoustic product disturbances are commonly character-
ized in terms of re� ection and transmission coef� cients, which are
basically dimensionless ratios of the respective resultant/incident

disturbance amplitudes, both taken at the same location and same
instant. Re� ection and transmission coef� cients are simply and
uniquely related to acoustic impedance,which is a well-established
concept in acousticsand is commonly used to state boundarycondi-
tions in acousticproblems.Similar coef� cientscanbede� ned for the
resulting entropy and vorticity disturbances. The four coef� cients
will be given the collective name wave coef� cients.

II. Previous Related Efforts and Present Scope
A. Analytical Studies

Useful and relevant information is availablefrom several theoret-
ical efforts dealing with engine noise, due to Kaji and Okazaki,9;10

Mani and Horvay,11 and Amiet.12 These investigators treated the
propagation of blade-generated noise from the interior of the en-
gine to the outside.They have derivedcomplex re� ection and trans-
mission coef� cients for planar, harmonic, acoustic waves obliquely
incident on two-dimensionalblade rows. The applicabilityof these
results to the CFBC problem was not raised in the cited papers.

Cumpsty and Marble13 investigatednoisepropagationfrom com-
bustors through the turbine and paid special attention to entropy
waves, which couldhave large amplitudeswhen the � uctuatingtem-
perature exhaust is strongly de� ected by turbine blades.

More recent analytical investigationswere carried out by Paynter
et al.14 and Paynter,15 who presenteda simpleone-dimensionalanal-
ysis for the computationof the re� ectioncoef� cient for acousticstep
changes14 and also for incident vorticity disturbances.15

Past interest was focused on harmonic waves, but the � rst exper-
iments squarely addressing the CFBC problem were accomplished
using short-duration pulses (see Sec. II.C). The behavior of pulses
was not well understood at the time, which necessitated theoretical
work to establishtheirpropercharacterizationand to clarify the rela-
tionshipbetweenpulsedataandclassicalre� ectioncoef� cients.16 18

This effort led to simple algebraic formulas for the product waves
created by acoustic pulses passing through two-dimensional blade
rows.

B. ComputationalStudies

In the early1990scomputercodes reachedthe level of sophistica-
tion required for a reliable investigation of inlet dynamics. Studies
byMayerandPaynter,6 Cole,1 Clark,7 Chung,2 andChungandCole3

have clearly shown that the out� ow boundaryconditionplays a very
important role in determining the solution and that traditional CF-
BCs allow a wide variation in the properties of the predicted inlet
� ows, depending on which is chosen.

In search of clari� cation of the related fundamental issues,
Paynter carried out a number of unsteady Euler computations to
explore the processes induced by acoustic, vorticity, and entropy
waves incident on a linear cascade of � at plates.15;19 He also pre-
sented a method for implementing out� ow boundary conditions in
numerical codes, making use of a given value of a re� ection coef� -
cient 1 (Paynter14 and Paynter et al.15).

Suresh et al.20 and Suresh and Cole21 combined inlet and en-
gine codes (LAPIN, NPARC, ADPAC, and DYNTECC) to repre-
sent both components simultaneously in simulating the arrival of
various waves to blade rows. They made numerous comparisons to
available experimental data.

C. Experimental Studies

Peacock22 and Das23 reported on experiments with inlet/com-
pressorsystems,usingperiodic excitationin the inlet by mechanical
methods and includingmeasurementsof interstagepressureswithin
the compressor. The properties of the inlet oscillations measured in
these experiments were affected not only by the compressor face
conditions, but also by the entire inlet con� guration and boundary
conditions at the front end of the inlet. In part due to this com-
plexity and in part due to the different focus of the authors, neither
paper led to a characterizationof the compressor face in a manner
that would be useful for analytical or computational� uid dynamics
studies.
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More recent experimental work on this problem began at the
University of Cincinnati in 1993. Preliminary studies have shown
that periodicdisturbancesgenerate such a proliferationof re� ected/
transmittedwaves, that it is impossibleto isolate the re� ectionof the
incident wave from unwanted re� ections coming from elsewhere in
the system, or from background compressor noise.24;25 The work,
therefore, focused on transients induced by short-duration, high-
intensityacousticpulses arriving to the engine from upstream.Such
pulses and the product waves created by them are easily recognized
and tracked even in very noisy environments. The project yielded
the � rst set of experimental data speci� cally intended to shed light
on the boundary condition issue26 29 and has provided signi� cant
insight into the subject.

D. Scope of Present Work

With the exceptionof relativelyrecentNASA work, the cited ana-
lytical and computational investigations assumed two-dimensional
� ow and computed the product wave coef� cients as functions of
two-dimensionalbladerowproperties.Effectsofbladeloading(� ow
de� ection across the blade row) has received limited attention only.
Changes in blade height in the axial direction were not considered
in any previous work.

The presentpaperoffers an approximate,linearizedtheory for the
calculationof wave coef� cients that includes the effects of (1) � ow
direction change across the blades, (2) blade height change across
the blade row, (3) tangential blade motion, (4) viscous losses in the
undisturbed � ow, and (5) nonzero incidence and deviation angles.
The description is one dimensional, implying planar disturbances
normal to the axis. The approach Mach number extendsup to unity,
that is, supersonic approach � ow is not included.

III. Undisturbed Steady Flow
A. Problem De� nition

Steady � ow through the blade rows of an axial-� ow compressor
is a classical problem, and many methods and commercial software
are available for its determination. Any one of these may be used.
However, the presenttheory is approximate,and it is not economical
to expend much effort to obtain a sophisticatedmean � ow solution.
The simple one-dimensionaltheory described in this section is both
adequate and compatible with the method of unsteady analysispre-
sented.

We consider the steady, adiabatic � ow of a compressible,perfect
gas througha stationary,linear cascadeof bladeswith zero thickness
(Fig. 1). The blade shape is not speci� ed in detail, only the inlet
and exit angles are given. The � ow may or may not be aligned
with the blade angles at either the inlet or the exit, that is, nonzero
incidence and deviation angles are permitted as inputs from any
external source.

The height of the � ow passage, that is, the blade height, within
the cascade is allowed to vary. The passages leading to and away
from the cascade are both assumed to have constant heights, but the
heights of the inlet and exit passages are not necessarily the same.
Becauseof the combinationof the � owangleandheightchanges,the
cross-sectionalareas of a passage (measured normal to the velocity
vector) are generally different on the two sides.

The regionof interestextendsto in� nity in the§x directionsand is
periodic in the y directionwith a period equal to the blade spacings.
The � ow is describedin terms of passageaverages takenover planes
normal to the x axis and is effectivelyone dimensional,with x being
theonly independentspacevariable.The linearbladerowis intended
to be an approximatedescriptionof annular blade assemblies found
in turbomachinery,and the terms axial and tangentialwill be freely
used to designate the x and y directions.

The Mach number on the upstream side is assumed to be at most
sonic. If the approach � ow is supersonic, the nature of the re� ec-
tion/transmissionprocess is drasticallydifferent and will be treated
in a separate paper. Viscous losses will be taken into account by
specifyinga total pressure loss coef� cient across the blade row. This
coef� cient is treated as an empirical input to the present theory.

Fig. 1 Blade row con� guration.

B. Undisturbed Flow in a Stationary Blade Row

We de� ne a three-dimensionalcontrol volume [(CV) Fig. 1] that
contains all of the � uid within a � nite axial length of a single blade
passage of a linear cascade. Outside the blade row, the CV is sepa-
rated from adjacent blade passages by planes that are tangential to
the blades at the leading and trailing edges. The � ow is to the right,
such that the directions right and left are synonymous to down-
stream and upstream. The upstream and downstream boundariesof
the CV are planes normal to the x axis, each planebeing located in a
constant-heightpassage. In the radial direction, the CV boundaries
coincide with the solid walls of the hub and the casing.

The � at plane boundaries extending from the leading and trailing
edges are usually not streamlines, and � uid may pass through them.
However, in the integral equations of motion, the mass � ux, normal
and tangentialstress, and enthalpy � ux contributionsfrom these two
walls cancel out, due to the assumed periodicity in the y direction.
As a result, the problem may be viewed as a one-dimensional,com-
pressible duct � ow with a streamwise variable area. The standard
one-dimensionalgasdynamic equations apply, provided the appro-
priate velocities,Mach numbers, and cross-sectionalareas are used.
In particular, the velocity to be used is that along the streamwise
direction and is given in terms of the vector components as follows:

w D wx =cos¯; M D Mx= cos ¯ (1)

The area to be used is that normal to the � ow direction. The area
and the area ratioappropriatefor a one-dimensionaldescriptionthen
are

S D sb cos ¯;
Sd

Su
D

sb® cos ¯d

sbu cos ¯u
D ¾

cos ¯d

cos ¯u

(2)

It is noted that for compressors the blade height is either constant
or decreases axially, and, therefore, ¾ is equal to or less than one.
However, due to the reduction of � ow angle from the leading to the
trailing edge, the ratio Sd /Su is greater than one, that is, the passage
diverges, thereby creating the desired static pressure rise.

The mass � ow at any axial station can be expressed as (see any
gasdynamics textbook):

W D ° [2=.° C 1/]
1
2 [.° C 1/=.° 1/] pt S

¤
¯

at (3)
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In this expression,the local valuesof pt and at must be used. S? is
the local sonic area, de� ned by the actual local cross-sectionalarea
and the local Mach number through the well-known relationship

S=S¤ ´ f .M/ D .1=M/..[2=.° C 1/]

£ f1 C [.° 1/= 2]M2g//
1
2 [.° C 1/=.° 1/] (4)

Equation (3) can be applied to either side of the cascade.Because
the mass � ow and the stagnation temperature is the same on both
sides, we have

ptu S¤
u D ptd S¤

d (5)

This expression can be manipulated to introduce the ratio of the
actual and sonic areas

Sd

¯
S¤

d D Sd=Su. pt d=pt u/Su

¯
S¤

u (6)

A total pressure loss coef� cient is de� ned as

³ D .ptu ptd /=. ptu pu/ (7)

Using the loss coef� cient de� nition of Eq. (7), the ratio of down-
stream/upstream total pressurescan be expressed in terms of known
input quantities, as follows:

¹t D ptd=ptu D 1 ³.1 pu=ptu /

D 1 ³
¡
1

©
1 C [.° 1/=2]M2

u

ª ° =.° 1/¢
(8)

When the function f de� ned by Eq.(4) is used, Eq.(6) can be
written as

f .Md / D .¾ ¹t cos ¯d= cos¯u/ f .Mux= cos ¯u/ (9)

Knowing the downstream � ow angle ¯d , one can determine Md

from Eq. (9) by a root-� nding procedure. If information is available
on the deviationangle, then the actualdownstream� ow angle can be
used, otherwise one may use the exit blade angle as an approxima-
tion. [Note that the function f .M/ has a minimum at M D 1, such
that a speci� ed value of f can be attained at two Mach numbers,
one being subsonicand the other supersonic.Only the subsonicval-
ues are used here]. The axial component, Mdx readily follows from
Eq. (1). Having obtained Md , ratios of static � ow properties can be
readily computed. Some ratios that will be needed later are

Â ´
Td

Tu
D 1 C [.° 1/=2]M2

u

1 C [.° 1/=2]M2
d

(10)

¹ ´ pd =pu D ¹t Â
° =.° 1/ (11)

¸ ´ ½d =½u D ¹=Â (12)

C. Undisturbed Flow in a Moving Blade Row

We assume that the upstream � ow properties are speci� ed in the
stationary coordinate system, that is, the velocity components cxu

and cyu are given (as is usually the case), along with the thermody-
namic state of the gas � owing into the CV. The blade speed with
respect to the stationary coordinate system will be speci� ed here in
a normalized form:

QU D U=Oatu (13)

The connectionbetweenvelocitiesseen in the stationaryandmov-
ing frames is illustrated by the velocity triangle in Fig. 2. Note that
the blade movement is in the negative y direction, that is, Uy D U
and Ux D 0.

The � ow is unsteady in the stationary frame, but is steady in
a coordinate system attached to the blades. Transformation to a
coordinate system moving with the blades does not alter any of
the static � ow properties,nor the axial velocity components,but the

Fig. 2 Velocity triangle con-
necting stationary and blade-
frame velocity vectors.

tangentialvelocitycomponentsdo change.The velocity in the blade
frame is de� ned by the following relations:

wx D w cos¯ D cx D c cos® (14a)

wy D w sin ¯ D cy C U D c sin ® C U (14b)

Equations(14)determinetheupstreamvelocityvectorin theblade
coordinates, which then allows the executionof the solution proce-
dure described in Sec. III.B. The solution yields the blade-frame
Mach numbers on both sides of the cascade. When Eqs. (14) are
used to retransform velocities into the stationary frame, the Mach
numbers in the stationary frame are readily obtained.

The ratios of total pressures and total temperatures across the
blade row (in the stationary frame) are the primary descriptors
of compressor performance. In possession of the stationary frame
Mach numbers, and using the ratios of static properties [Eqs. (10)
and (11)], they are calculated as follows:

OÂt ´
OTtd

OTtu

D Â
1 C [.° 1/=2] OM 2

d

1 C [.° 1/=2] OM 2
u

(15)

O¹t ´ Optd = Optu D ¹.Ât=Â/° =.° 1/ (16)

The adiabatic compressor ef� ciency is given conventionallyby

´ D
OTtd ;is

OTtu

OTtd
OTtu

D
O¹.° 1/=°

t 1
OÂt 1

(17)

where OTtd;i s is the exit total temperature that would be reached by
isentropic compression from Optu to Optd . The ef� ciency is readily
calculated from the results of Eqs. (15) and (16).

IV. Unsteady Disturbance Flow
A. Problem De� nition

The transient wave/cascade interaction process considered here
is superimposedon the known steady � ow. A planar acousticdistur-
bance arrives at the cascade from upstream, the plane of the wave
being normal to the x axis. The disturbance is an isentropic change
in � uid properties, characterized only by its magnitude, de� ned as
the differencebetween the � nal and initial values of static pressure.
The magnitudesare suf� ciently small to allow linearizationwith re-
spect to the undisturbed� ow. The change occurs during some short
time interval ¿ , but the detailed time history of the change is arbi-
trary and is not considered. If ¿ D 0 then the disturbance is a simple
step change.

The disturbance is expected to generate two acoustic waves (one
re� ected upstream and one transmitted downstream), plus one vor-
ticity and one entropy wave. It is assumed that the product wave
structures are comparable to the generating wave, that is, they all
represent a change from one level to another within a short time in-
terval, the interval being comparable to ¿ . The spatial and temporal
details of the interaction or of the product waves are not consid-
ered. The goal is to determine the product wave magnitudes after
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Fig. 3 Distance–time diagram indicating wave trajectories.

the interaction is completed and steady � ow has been reestablished
within the cascade passages.

Figure 3 shows the process as an x –t diagram. Figure 3 shows
the waves and the blade row as single lines, but it is understood
that each has a � nite spatial extent. The x-velocity component of
a right-moving acoustic waves is wx C a and that of a left-moving
wave is wx a. The vorticity and entropy waves move at the axial
� ow speed wdx . The initial wave is labeled G (generating), and
the product waves are labeled A , AC, V, and E, respectively.The
� ow properties are assumed to be constant over each of the regions
numbered 1–6.

B. Characterization of Waves

1. Acoustic Waves

Small-amplitude acoustic waves are governed by the linear wave
equation. In a constant-area duct, they propagate at the speed of
sound with respect to the gas, without distortion. Thermodynamic
properties are governed by the isentropic relations throughout the
� owatany instant.In particular,densityperturbationsatany location
are given by

½ 0 D p0=a2 (18)

It can be readilyshown using the momentumand continuityequa-
tions that the velocity and pressure changes on the two sides of an
acoustic wave are connected by

1w 0
x D §.1p0=½a/ (19)

where the C and signs apply to right- and left-moving waves,
respectively.

2. Vorticity Wave

Because we consider x as the only independent space variable,
the only nonzero vorticity component is axial and is given by

!z D
@wy

@x
(20)

A vorticity wave is, thus, de� ned in this study as a region where
the tangentialcomponentof thevelocitychangeswith x . The genesis
of such a wave in the acoustic-wave/cascade interactionis explained
in physical terms as follows.

Consider a cascade � ow at design conditions,where the incident
� ow is alignedwith the leading edge and the exhaust � ow is aligned
with the trailing edge. Consider a transient induced by a right-
moving, acoustic, compressionstep change incidenton this cascade
(G). Figure 4 shows an instantaneous snapshot of the streamline
pattern after the transient is completed, at time t f . Wave G does
not affect the y velocity componentanywhere, but increases the ax-
ial velocity [cf. Eq. (19)] such that the inlet � ow angle is reduced
(¯2 < ¯u ). If the chord/spacing ratio is greater than about 1.5, then
we can assume that the exit � ow remains aligned with the blade.12

The temporal change of � ow de� ection across the blades reduces

Fig. 4 Instantaneous streamline pattern after transient is completed;
small-velocity triangles illustrate details of abrupt � ow direction
changes at waves.

the tangential blade force (»lift), which generates a starting vortex
from every blade. The vortices in this case rotate clockwise and
convect away from the cascade at the � ow velocity wdx . Figure 4
shows the resulting vertical row of vortices at time t f , after which
steady � ow has been reestablishedwithin the cascade.

A row of vortices with identical signs can be idealized into a ver-
tical slip line. A slip line is characterized by a discontinuity of the
velocity component parallel to the slip line, while the normal com-
ponent remains continuous. This slip line constitutes the vorticity
wave V.

There is nochangeof pressureoraxialvelocityacrossthevorticity
wave. This can be understood if one views the wave in a coordinate
system moving in the x direction at speed wdx . Because the discon-
tinuity in wdy is convected at the mean � ow velocity, an observer in
this system would see two parallel streams (regions4 and 5) moving
in the y direction, the one within region 4 having a higher veloc-
ity. In this moving system, there is no streamline curvature and no
acceleration; therefore, the pressure and the axial velocity are com-
mon over regions 4 and 5. Because the disturbance� ow is inviscid,
the temperature and density disturbances do not change across the
vorticity wave either. We may write

1p0 D 0 (21a)

1w 0
x D 0 (21b)

1½ 0 D 0 (21c)

1T 0 D 0 (21d)

However,

1w 0
y 6D 0 (22)

The offered physical argument involving starting vortices is be-
lieved to be new. This view provides an explanation for the zigzag
pattern illustratedin Fig. 4, with streamlinedirectionchangesoccur-
ring at waves V and AC . The same streamlinepatterns also appear in
the Euler computations of Paynter et al.14 The present theory, con-
forming to the stated ideas, predicts detailsof the computedpatterns
quite accurately.17

3. Entropy Wave

If the transient process includes viscous phenomena, then an en-
tropy wave is also generated. Given some characterization of the
total pressure loss or drag associatedwith the disturbance, it is pos-
sible to calculate the magnitude of the entropy disturbance and the
correspondingwave coef� cient. The resulting complications in the
theoreticaldescriptionare considerable.Becauseviscouseffects are
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believed to play only a limited role in the incident-wave/cascade in-
teraction,we will assume that the entire transientprocess is inviscid.
As a result, the magnitude of the entropy wave is zero, and we will
not be concerned with it further.

C. Disturbance Flow for a Stationary Blade Row

We again focus on the state of the � ow that exists at some time t f ,
after the product waves moved away from the cascade and steady
state has been reestablishedwithin the CV of Fig. 1. At this instant,
the product waves are still in motion, but they are outside the CV.
Within the CV, the � ow differs slightly from the undisturbed state,
but it is steady, and the problem is solvable by the application of
steady-state conservationequations to the CV.

Referring to Fig. 3, the � ow is undisturbed over regions 1 and
6, that is, all disturbance properties there are zero. The disturbance
properties in region 2 are given as part of the problem speci� ca-
tion, and the magnitude of pressure change here, p0

2 , will be used
to normalize the magnitudes of the product waves. There are three
different regions with unknown properties, (regions 3, 4, and 5).
The disturbance � ow is fully de� ned in each region by four quan-
tities, p0; ½ 0; w0

x ; and w0
y , such that a full solution amounts to the

determination of 12 unknowns.
We can apply the steady-state, linearized conservationequations

for mass and energy to the CV. Because the � ow angles in regions 3
and 4 differ from those in the undisturbed � ow, there is � ow across
theplanarCV boundariesthat separateadjacentpassagestreamsout-
side the blade row. However, as was the case in the mean � ow com-
putations, the in� ux/out� ux terms and the surface stress integrals
over these boundary segments exactly cancel due to the assumed
periodicity, and the equations need only to consider the original in-
� ow and out� ow surfaces (at left and right). Omitting details, the
conservationequations for the CV can be written as follows.

Continuity:

½uw0
3x C ½0

3wux D .½dw0
4x C ½0

4wdx /¾ (23)

Energy:

.p0
3=½u/ C wux w0

3x C wuy w0
3y D .p0

4=½d / C wdx w0
4x C wdy w0

4y (24)

One more important relation is obtained by assuming that the di-
rectionof theexit velocitydisturbanceis the same as the undisturbed
� ow direction:

w0
4y D w0

4x tan¯d (25)

The isentropic relations between ½ 0 and p0 [Eq. (18)] can be ap-
plied to eliminate the density disturbances in regions 3 and 4. The
tangential velocity is unchanged across acoustic waves, hence, the
equation

1w0
y D 0 (26)

can be also applied to each acoustic wave on the upstream side,
leading to the elimination of w0

3y . Equation (25) is used to eliminate
w0

4y from Eq. 24. Equation (19) can be used to eliminate all axial
velocitydisturbancesin favor of pressuredisturbances.There is one
vorticitywave present,and across this wave we can apply Eq. (21a),
eliminating p0

4. Eventually Eqs. (23–25) contain only p0
2 , p0

3 , p0
5

and w0
4y . We use p0

2 as a reference quantity to de� ne the desired
dimensionless wave coef� cients describing the amplitudes of the
two product acoustic waves and the vorticity wave, which reduces
the number of unknowns to three. The number of equations and
numberof unknownsare then matched, therebymaking the problem
solvable. Omitting details, the results are

A ´
p0

3 p0
2

p0
2

D
³

1 C Mux

1 Mux

´

£

"¡
1 ¾ ¸

¯p
Â

¢
.1 C Mdx / C Mdx tan2 ¯d¡

1 C ¾ ¸
¯p

Â
¢
.1 C Mdx / C Mdx tan2 ¯d

#
(27)

AC ´
p0

5

p0
2

D 2¸.1 C Mux /¡
1 C ¾ ¸

¯p
Â

¢
.1 C Mdx / C Mdx tan2 ¯d

(28)

V ´
½uauw0

4y

p0
2

D

¡
2
¯p

Â
¢
.1 C Mux / tan ¯d¡

1 C ¾ ¸
¯p

Â
¢
.1 C Mdx / C Mdx tan2¯d

(29)

Note that thevaluesof Mdx , Â , and ¸ (theundisturbedtemperature
and density ratios across the cascade) depend on all of the input
parameters (¾ , ¯u , ¯d , Mu , and ³ ) and, therefore, the effects of the
input parameters on the wave coef� cients are much more complex
than what the explicitly indicated dependencies seem to imply.

D. Disturbance Flow for a Moving Blade Row

The formulationof this problem for a stationaryrow in stationary
coordinates is identical to the problem for a moving row stated in
movingcoordinates.It followsthat the solutionappliesto bothcases:
the wave coef� cients are determined by the undisturbed � ow� eld
as seen in the coordinate system attached to the blades, regardless
of the tangential speed the blade row may have.

However, this does not mean that rotationdoes not have an effect
on the wave coef� cients. If the upstream � ow conditions are � xed
in the stationary frame and the tangential speed of the blade row
is varied, then the incidence angles and the entire � ow� eld in the
blade frame will vary and, therefore, so will the wave coef� cients.
The nature of this variation will be explored in Sec. V.B.

V. Discussion of Results
The number of independent parameters affecting the wave co-

ef� cients is quite large, and this paper is by necessity limited to
the illustration of the effects of a few selected parameter combina-
tions. In particular, results on transmission and vorticity induction
coef� cients will not be discussed in detail.

A. Re� ection Coef� cients

1. Area change

To separate the effects of area variation from those due to in-
coming swirl and � ow de� ections,we set ¯u D ¯d D 0. This implies
that the velocities are purely axial and no forces are present due to
blades. Only subsonic approach � ows are of interest.

It is easy to see that this set of parameters describes � ow in a
very simple system consisting of two constant (but unequal) area
duct segments, aligned along the same axis and joined by an arbi-
trarily shaped transitionsegment.The acousticwave is approaching
the area change from upstream and is being re� ected from it. Be-
cause the tangentialvelocity component is zero, there is no vorticity
wave, the process is purely acoustic, and Eq. (29) is irrelevant.The
re� ection coef� cient of Eq. (27) simpli� es to

A D
³

1 C Mu

1 Mu

´µ
1 ¾ ¸

¯p
Â

1 C ¾ ¸
¯p

Â

¶
(30)

The required density and temperature ratios are easily calculated
with one-dimensionalgasdynamics equations. Results are given in
Fig. 5 for ³ D 1, isentropic � ow.

Figure 5 shows that a converging duct (¾ < 1) has a positive
re� ection coef� cient, while an area enlargementhas a negativeone.
A compressionwave will produce a compressive re� ection from an
area reductionand an expansivere� ection fromanareaenlargement.
The magnitudeof the re� ection increases with deviation of the area
ratio from unity. The effect of the Mach number is to increase the
magnitude of the re� ection coef� cient, for any value of the area
ratio. The increase is quite signi� cant. It is easily shown that for the
low-speed limit of Mu D 0, the re� ection coef� cient simpli� es to

A D .1 ¾ /=.1 C ¾ / (31)

This expression is identical with the classical acoustics result for
an area change in a duct with stationary air, on the limit of long
wavelengths.30
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Fig. 5 Re� ection coef� cient vs area change, with upstream Mach num-
ber as parameter.

There is no aerodynamic limit on area enlargement, but area re-
duction is limited by choking for any given initial Mach number.
Figure 5 includesa dashed line showing the choking boundary.The
equation expressing this dashed line can be obtained from Eq. (27),
by setting Md D 1 and similarly simplifying the expressions for Â
and ¸ [Eqs. (10) and (12)]. After some algebra, the re� ection coef-
� cient for choked area reductions is

.A /¤ D 1 [.° 1/=2]Mu

1 C [.° 1/=2]Mu

(32)

[Note that Eq. (32) has been also obtained by Rogers31 using a
different approach.]

For air� ow, the re� ection coef� cient for a choked duct end is
never less than 2=3 D 0:667, that is, choking is always a strongly
re� ecting, hard termination. Note that simulated choked nozzles
have been used as CFBCs in the past. Because the actual re� ection
coef� cient at moderate Mach numbers tends to be small compared
to unity, the choked nozzle CFBC is likely to be a poor choice for
subsonic compressors.

2. Axial Mach Number and Upstream Flow Angle

Figure 6 shows the variation of the re� ection coef� cient with
upstream axial Mach number, for unloaded, two-dimensional � at
plate cascades. It is evident that increasing Mach number and in-
creasing blade angles both increase the re� ection coef� cient. The
blade angle effect is quite reasonable because larger angles repre-
sent larger blade surfaces normal to the � ow direction. If the axial
Mach number Mux is increased while keeping ¯u constant, then Mu

will become equal to one when Mux reaches the value of cos ¯u . The
present theory is not applicablebeyond this limit, and all curves are
terminated. At the point of termination, the re� ection coef� cient is
unity for all blade angles (this is true for unloaded � at plates only,
not for other parameter combinations).

3. Upstream Flow Angle and Flow De� ection

Figure7 shows theeffect of upstream� ow angleson the re� ection
coef� cient, for several given values of � ow de� ection 1¯ , which is
a measure of blade loading. The variation shown is the net results
of two opposing in� uences. Increasing de� ection angle increases
the streamtube divergence [cf. Eq. (2)], which would lead to an
increasingly negative re� ection coef� cient if occurred in isolation
(cf. Fig. 5). Increasing upstream � ow angle, on the other hand,
tends to increase the re� ection coef� cient. The net result is that

Fig. 6 Re� ection coef� cient vs upstream axial Mach number, with up-
stream � ow angle as parameter.

Fig. 7 Re� ection coef� cient vs upstream � ow angle, with � ow de� ec-
tion as parameter.

the re� ection coef� cient values are lower than those for a � at plate
cascade. Note that even negative re� ection coef� cients are possible
if the de� ection is suf� ciently large.

4. Passage Height Change and Upstream Flow Angle

Figure 8 shows the effectsof passageheightchangeson the re� ec-
tion coef� cient for � xed Mux and � xed de� ection angle, for several
valuesof the upstream� ow angle.As couldbe expectedfrom the in-
dividual effects illustrated in Figs. 5 and 6, the re� ection coef� cient
increases with ¯u and decreases with ¾ . Considering the variable
ranges typical to operationalcompressors, the effect of blade height
change is quite signi� cant. Ten degrees of change in ¯u has about
as much effect on A as a change of 0.05 in ¾ .

5. Loss Coef� cient

Detailed investigationof the results (omitted for brevity) showed
that increasing total pressure losses in the undisturbed � ow will
increase the re� ection coef� cient. The effect is relatively modest,
especiallyconsideringthat ³ is likely to vary only by small amounts
among competing design alternatives.
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Fig. 8 Re� ection coef� cient vs area ratio, with upstream � ow angle as
parameter.

B. Compressor Performance Map

In Figs. 5–8 each point represents a separate realization of the
geometry and � ow parameter combination, that is, they are design
charts in which the geometry is considered to be freely variable. It
is of interest to examine off-designbehavioralso, that is, investigate
how the re� ectioncoef� cient varieswhen theoperationalconditions
of a given compressor are changed. This representation illustrates
the effects of the concurrent variation of a number of basic param-
eters, as it occurs in an actual compressor.

A convenientapproach is to superimposelines of constant re� ec-
tion coef� cient on a standard compressor performance map. The
ordinate of this chart is the ratio of exit-to-inlet total pressures,both
as measured in the stationarycoordinatesystem.The horizontalaxis
and the parameter of the curves shown in the chart are as follows.

Corrected mass � ow:

Wcorr ´
W

p
OTtu=Tref

. Opt u=pref/
(33)

Corrected speed:

Ncorr ´
Np

OTtu=Tref

(34)

The correctedspeed is directlyrelated to the normalizedblade speed
QU used in this analysis. After specifying a representative (mean)

radius of the annular � ow passage upstream of the blade row, we
have

Ncorr D .60=2¼/.aref=rmu/ QU (35)

For illustration, a single-stage research compressor developed
by NASA has been selected. Detailed description of the compres-
sor and the results of extensive performance testing are available.32

Tables 1 and 2 contain the principalgeometricalparameters.The re-
port includes data both for the rotor separately and for the stage as a
rotor/stator combination.We used only rotor data taken at the mean
radius. The loss coef� cients and deviation angles (which are inputs
requiredby thepresenttheory)were obtainedby interpolation,using
simple curve � ts to data.The performancemap was computedusing
the undisturbed � ow calculation method of Sec. III and is shown in
Fig. 9. The pressure ratio is overpredictedby about 10–25%, which
is not unexpected because the calculation completely neglects all
end effects in the blade passage. In all other respects, the calcula-
tion well duplicates the measured trends and magnitudes. Because
the currentuse of the results is limited to the illustrationof re� ection

Table 1 Information on compressor used
for illustration (Ref. 32)

Axial locationa

Parameter u d

Tip radius, m 0.254 0.254
Hub radius, m 0.2032

0.2032
Annulus area, m2 0.07297

0.07297
Blade angle, deg 61.08 39.45
Blade height ratio 1.000
Flow angle, deg 62.4 45.4

aLocations u and d are de� ned by the available data
at the midradius leading and trailing edges.

Table 2 Performance parameters
at design point

Parameter Value

Wcorr, kg/s 9.457
Ncorr, rpm 9,170
Optd = Optu 1.328

Fig. 9 Performance map for the subsonic compressor of Ref. 32, com-
paring data (symbols) with the calculation method of Sec. III (solid
lines).

coef� cient variations under operational conditions, the calculation
method is adequate.

Figure 10 shows the (calculated) performance map with con-
tours of constant A values superimposed. Figure 10 shows that
the re� ection coef� cient increases with increasing mass � ow and
decreases with increasing pressure ratio. The re� ection coef� cient
values range from 0.06 to 0.18, that is, a threefold change occurs
over the operating envelope. In comparison, constant velocity and
constant pressure boundary conditions imply values of C1 and 1,
respectively. Obviously, neither one comes close to being correct,
and the constant pressure condition misses even the sign.

C. Comparisons to Results from Other Sources

The present results reduce to previously published expressions
applicable to unloaded, two-dimensional, � at plate cascades with
inviscid undisturbed � ow.17;18 Analytical results for � at plate cas-
cades are also available from other investigators,12;14 which have
been used for comparison in an earlier publication.17 Very good
agreement was found in all cases.
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Fig. 10 Performance map for the subsonic compressor of Ref. 32; solid
lines are contours of constant re� ection coef� cients.

Unfortunately, there appear to be no experimental data either for
linear or annular cascades, or for single rotors, that could be com-
pared with the present results. The most relevant data set is a Uni-
versity of Cincinnati experiment mentioned earlier,29 but this work
employed a 10-stage compressor (21 blade rows) at low subsonic
speeds. Multiple re� ections involving the � rst four or � ve stages
were clearly evident in the results, leading to signi� cantly higher
re� ection coef� cients than those predicted for a single blade row.

VI. Incorporating Results in Computer Codes
The implementationof re� ection coef� cients as boundarycondi-

tions into a computer code is a separate and very signi� cant chal-
lenge that is not addressed in this paper. It is believed that there
may be a variety of ways to accomplish this, and that the method
selected would signi� cantly depend on the structure of the code.
The results of this paper would be appropriate for use with a variety
of implementation procedures.

One method, proposed originally by Paynter, has been incorpo-
rated into the widely used WIND code by Slater and Paynter.33 The
formulation accounts for the response to both acoustic and convec-
tive disturbancesarriving from upstream.The re� ectioncoef� cients
are requiredinputsas functionsof the radiusover theout� ow bound-
ary. Slater and Paynter’s implementation is included in the version
4 of� cial WIND release.

VII. Comments
The present paper provides approximateanswers to a class of sit-

uationsof practical interest. Open questions remain, some of which
will be discussed.

A. Other Generating Waves

The present theory postulates a downstream-moving acoustic
wave as the generating disturbance. There are practical situations
in which the generating disturbance could be any one of the other
three types of waves. The method presented here can be extended
to these cases without much dif� culty.

B. Multistage Compressors

If the compressor has many stages, then the transmitted portions
of the disturbance travel to later stages and get re� ected from them.
The re� ections will cross the compressorface in the upstreamdirec-
tion with some time delay after the � rst re� ection produced by the
� rst blade row. Because there are many such internal re� ections, the

overall re� ection is no longer a simple mirror image of the incident
wave, rather it is stretched out in time. If the streamwise length of
the stretched-out re� ection is comparable to the length of the inlet,
then the present approach to posing CFBCs will become inadequate
and multistage effects will have to be accounted for.

Cumpsty and Marble13 developed a method of determining re-
� ections and transmissions generated by a multirow turbomachine,
upon the arrival of an incident wave of any type. The calculation
requires thecompletecharacterizationof all individualrows, includ-
ing all four wave coef� cients for each. Unfortunately, the method
is limited to two-dimensional con� gurations. An extension of the
method to variable blade heights would be welcome.

C. Analogous Problems in Other Technologies

The need for appropriate in� ow or out� ow boundary conditions
also arises in the computational simulation of dynamic processes
in combustors, nozzles, and afterburners. These components are
also bounded by a turbomachine either at their in� ow or out� ow
boundary, or at both. The representation of rotating machines by
simple boundary conditions thus poses the same kind of challenge
for the modelers of combustors and nozzles as the one faced by
inlet engineers. The present study could probably be extended to
deal with such analogous problems.

VIII. Summary
Approximate analytical formulas have been presented to com-

pute the acoustic re� ection coef� cient for a single row of stationary
or moving blades. Knowledge of this coef� cient permits the for-
mulation of a realistic boundary condition for the compressor face
thatproperlydescribesthedynamicbehaviorof the compressor.The
boundaryconditionsso de� ned representa major improvementover
the ad hoc boundary conditions traditionally used in the computa-
tion of unsteady inlet � ows. Their use in propulsionpractice should
lead to improved reliability in inlet stability assessment and control
system design.

The theory accounts for the effects of approach Mach number,
upstream and downstream � ow angles, blade height change across
the blade row, and also for viscous losses in the undisturbed � ow.
The approach Mach number is limited to subsonic values.

In the few simple cases where a comparison could be made to
other theories, the agreement is very good. There are no directly
comparable experimental data available.

The results show that the re� ection coef� cient can vary widely,
from low negative numbers up to unity, depending on the combi-
nation of parameters characterizing the situation. The results also
show that two-dimensional theories ignore the important effects of
the bladeheightchangeand shouldnotbe reliedonwhen theannulus
area changes signi� cantly across the blade row. The wide range of
possiblevalues strongly suggests that the use of proper downstream
boundary conditions is indispensable for the accurate prediction of
unsteady inlet � ows.
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